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ABSTRACT 


t 

Let  y(t,x,f)  denote  the  solution  of  y'  (t)  + / [d  + a(t-s)]L  y(s)ds 


0 

f (t)  , t _>  0,  y(0)  = x,  where  d _>  0 and  L is  a self-adjoint  densely 
defined  operator  on  a Hilbert  space  V with  L _>  A > 0 . Let  U(t)x  = 
ytt-X/O)  • By  analyzing  a related  scalar  equation  with  parameter,  we 
find  sufficient  conditions  on  the  kernel  a(t)  for  ||u(t)||  0 (t-*-00)  and 


CO 


/ ||  U (t)j|  dt  < 00  . These  results  and  a resolvent  formula  can  be  combined  to 
0 

reveal  the  behavior  of  y(t,x,f)  as  t •+  00 
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EXPLANATION 


This  report  provides  sufficient  conditions  on  the  kernel  of  a certain  class 
of  abstract  linear  integrodif ferential  equations  in  Hilbert  space  which  can  be  used 
to  study  the  asymptotic  nature  of  the  solution  as  t -*•  «°  . 

As  a model  problem  consider  the  linear  partial  integrodi f ferential  equation 
t 

yt(t,x)  - lQ  Id  + a(t-s) ]yxx(s,x)ds  = f(t,x) 
y(t,0)  = y(t,n)  = 0 
y (o, x)  = yQtx)  (0  £ x £ 7i) 

where  d £ 0 is  a fixed  constant  while  a and  f are  known  functions  satisfying 

certain  prescribed  conditions.  Our  results  and  a resolvent  formula  can  be  combined 

to  reveal  the  behavior  of  y(t,x)  as  t -»  “ . 

In  this  problem,  which  can  be  regarded  as  a vibrating  string  with  memory,  it 

32 

is  critical  that  the  operator  L = - — - is  positive  and  self-adjoint,  i.e. 

3x 

” V 2 

j Lu(x)  • u(x)dx  £ A / u (xldx  > 0 

0 0 


/ Lu(x)  • v(x)dx  = / u(x)  • Lv(x)dx 
0 0 

for  some  fixed  A > 0 and  for  every  choice  of  u and  v which  are  twice  continuou- 
differentiable  functions  satisfying  the  boundary  conditions  u(0)  = u ( tt  ) = v(0)  = 
v{tt)  = 0 . The  result  generalizes  to  include  a large  class  of  positive,  self-adjoint 


operators. 
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A NONHOMOGENEOUS  INTEGRODIFFERENTIAL 
EQUATIONS  IN  HILBERT  SPACE 

1 2 
Ralph  W.  Carr  and  Kenneth  B.  llannsgen 


1.  Introduction.  Let  L be  a self-adjoint  (possibly  unbounded)  linear  operator 
on  a Hilbert  space  V , with  spectral  decomposition 


Lx  = [ X dE  x 
'X  ' 


/.a 


for  x in  fi  , the  domain  of  L . We  assume  that  the  spectrum  of  L is  contained  in 
an  interval  (A,00)  with  A > 0,  so  that  L is  a positive  operator;  We  study  the  initial 
value  problem 


(1.1) 

(1.2) 


y* (t)  + / (d  + a(t-s) ) L y (s)ds  = f (t)  (t  ^ 0)  , 

0 


y(°)  = y0 


C = d/dt) , where  y and  f(t)  belong  to  V , d > 0,  and  the  real-valued  kerne)  a 
-0  — 

satisfies 


(1.3) 


a e C(R+)  n L^(0,1)  . a is  nonnegative,  nonincreasing , and 
convex  on  R+,  0 < a(0+)  < °°,  and  a(™>)  = 0 . 


(In  this  paper,  R+  = (0,°°)  , R + = (0,“>).)  See  (9)  for  a discussion  (with  references 
and  an  example)  of  applications  of  (1.1)  to  viscoelasticity  theory. 

The  resolvent  kernel  of  (1.1)  is  defined  by  the  formula 


(1.4) 


U(t)  = / u(t,X)dEA  , 


where  u(t,X)  is  the  solution  of  the  scalar  problem 


(1.5) 


u’ (t)  + X / Id  + a (t-s)  )u  (s)  ds  = 0,  u(0)  = 1 

0 
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with  parameter  A (.A  < \ < <XI , 0 <_  t < «®  ) . Under  certain  additional  conditions  on 
a(t),  we  shall  show  in  Theorem  2.2  that 

(1.6)  sup  |u(t,A)  | ■*  0 (t  -*■  “>)  , 

A<  A<  °° 


(1.7)  J sup  |u(t,A)]dt  < “> 

0 A < A<  “ 


It  is  clear  that  (1.6)  and  (1.7)  imply,  respectively. 


(1.8) 


|u(t)||  -*•  0 (t  + »)  and  / ||  U (t)||  dt  < “ 

O' 


In  view  of  the  resolvent  formula 

(1.9) 


y(t)  = U(t)y  + / U(t-s)  f(s)ds 

'o' 


for  the  solution  of  (1.1),  (1.2)  (see  Theorem  2.1),  (1.8)  shows,  for  instance, 
has  a limit  in  V (t  ■+  <»)  if  f(t)  does. 

Our  results  extend  those  of  (10)  with  respect  to  the  conditions  on  a(t) 


that  y(t) 


as  t ■*  0 , 


t -»  “>  . In  particular,  our  results  imply  that  (1.6)  and  (1.7)  hold  if  a satisfies  (1.3) 

and  -a'  is  convex. 

This  paper  is  based,  in  part,  on  the  first  author's  Ph.D.  thesis,  being  written  at 


the  University  of  Wisconsin  under  the  supervision  of  Professor  John  A.  Nohel.  His  help 
in  the  preparation  of  this  paper  is  gratefully  acknowledged. 
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2.  Statement  of  results.  A solution  of  (1.1)  is  a continuously  dif ferentiable  function 
y from  R + to  V such  that  L y(t)  is  continuous  in  t on  R + and  (1.1)  holds. 

Hille  and  Phillips  [11,  pp.  58-89)  give  the  general  theory  of  Bochner  integration,  which 
we  shall  use  in  studying  (1.1)  and  (1.9).  See  [19]  for  the  functional  calculus  of  self- 
adjoint  operators. 

Our  first  result,  to  be  proved  in  Section  3,  summarizes  some  earlier  work  and 
establishes  the  resolvent  formula. 

THEOREM  2.1.  (i)  Let  (1.3)  hold . Then  the  operator  U(t)  defined  by  (1.4)  and 
(1.5)  is  bounded  on  V with  ||u(t)||  <^1  (t  £ R +)  . U(t)  commutes  with  L on  fi  and  is 
strongly  continuous  on  R + . 

(ii)  If^  yQ  c fi  , if  f:R  + ->V  is  continuous  with  f (t)  e fi  for  all  t,  and  if 
L f is  Bodmer  integrable  on  each  finite  subinterval  of  R+ , then  (1.9)  gives  the  unique 
solution  of  (1.1),  (1.2). 

Remark.  If  y^,  f are  in  V but  not  necessarily  in  £ , then  (as  shown  in  [8] 
for  constant  f)  (1.9)  gives  the  unique  weak  solution  of  an  integrated  form  of  (1.1), 

(1.2)  . 

In  proving  (1.7),  we  shall  need  the  technical  hypothesis 

(2.1)  alt)  = b(t)  + c(t),  where  b and  c satisfy  (1.3)  except  that  either 
b(0+)  = 0 or  c(0+)  = 0 is  permitted.  Moreover , 

00 

(i)  / t 1 b(t)dt  < 00  and 

1 

(ii)  -c'  is  convex  on  R+  . 

The  Fourier  transform  of  a will  be  denoted 

00 

(2.2)  a(T)  = *(T)-iT0(T)  h/  e iTt  a(t)dt  . 

0 

Under  hypothesis  (1.3),  a(T)  is  continuous,  and  i/>  (T)  and  0(T)  are  nonnegative  for 
T > 0 [4]  . 

The  frequency  conditions 
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(i)  * (T)  > 0 


(T  > 0) 


(2.3) 


(ii)  lim  sup  —7^!  < °° 

T-*  co  *>T) 


are  crucial  for  (1.6)  and  (1.7);  we  indicate  briefly  tlieir  role.  From  (4]  we  know  that  if 
(1.3)  holds,  (2.3i)  fails  to  hold  if  and  only  if  a(t)  is  piecewise  linear  with  changes 
of  slope  only  at  integer  multiples  of  a single  positive  number;  u(t,X)  is  then  asymp- 
totic (t-»°»)  to  a nonconstant  periodic  function,  so  neither  (1.6)  nor  (1.7)  holds.  If, 
on  the  other  hand,  (1.3)  and  (2.3i)  hold,  a result  of  Shea  and  Wainger  (20)  shows  that 

OO 

/ |u(t,X)  |dt  < <®  (X  > 0) 

0 

It  is  then  easy  to  show  from  (1.5)  that 


(2.4) 


u(T,X)  = 


X[v>(T)  + it  (X  1 - 0 (T ) - dT~2)] 


(T  > 0) 


In  proving  Theorem  2.2,  we  shall  show  that  if  X is  sufficiently  large,  + 9(f)  = X * 

T 

for  exactly  one  positive  number  T = oo(X)  with  u>(X)  continuous  and  to  ( X ) + 00  as  \ t “ , 

From  (2.4),  it  follows  that 

OO 

/ |u(t,X)|dt  > |u(«(X))|  > 0(w(X))/V>(u)(X))  . 

0 

This  shows  the  necessity  of  (2.3ii)  for  (1.7). 

THEOREM  2.2.  Assume  that  (1.3)  holds.  Then 

(i)  (1.6)  holds  if  (2.3)  holds, 

(ii)  (1.7)  holds  if  (2.1)  and  (2.3)  hold,  and 
(iii)  i_f  (1.7)  holds,  then  (2.3)  holds . 

If  (1.3)  and  (2.2i)  hold  and  a(0+)  < 00 , then  (2.2ii)  holds  if  and  only  if  a(t) 

2 

is  strongly  positive  (that  is,  (1  + T ) (t ) is  bounded  away  from  zero;  see  (10)).  In 
Section  7 below  we  shall  given  an  example  (with  a(0+)  = “>)  where  a(t)  is  strongly 
positive  but  (2.2ii)  does  not  hold.  In  the  same  section,  we  shall  prove  the  following 
positive  result. 

COROLLARY  2.1.  If  (2.1)  holds  and  either  (i)  c = 0,  b(0+)  < <*>,  and  b is 


-4- 


lira  sup 
x 0+ 


< oo 


X 

/ b (t) dt 

_0 

X 

/ c (t) dt 
0 


then  (1.6)  and  (1.7)  hold. 

Thus,  in  particular,  (1.8)  holds  if  alt)  satisfies  (1.3)  and  -a'  It)  is  convex. 
Integration  of  (1.5)  (see  also  [11],  [4])  shows  that 

t s 

u(t,X)  + A / [d  + a(t-s)]  / u(r,X)dr  ds  = 1 , 

0 0 

so  that  when  (1.3)  and  (2.3i)  hold, 

OO  OO 

/ u (t,X)dt  = 1/(X  / [d  + a(t))dt) 

0 0 

, i + 

(interpreted  as  zero  if  d + a (t)  ^ L (R  ) . ) 

Thus  in  Theorem  2.2  we  have 

OO  OO 

/ U (t) dt  = L_1/ (/  [d+a (t) )dt)  . 

0 ~ 0 

Detailed  statements  about  the  asymptotic  nature  of  u(t,X)  as  t -*■  <»  (A  fixed) 

are  given  for  certain  special  cases  by  Levin  and  Nohel  [13,  14],  by  the  second  author  [5], 

-ft 

by  Wong  and  Wong  [24].  For  example  if  d + alt)  = t (0  < “>  < 1)  , Corollary  2.1  ap- 
plies and  [5,  Cor.  3.3)  shows  that 

u(t,X)  - ^ t^  2 It  -*■  »)  . 

On  the  other  hand  (see  Section  4) , there  is  a C'  > 0 such  that 

00 

(2.5)  / |u(t,X)|dt  _>  C'X'1/<2'6)  (X  > 0)  . 

0 

Thus  the  asymptotic  behavior  of  u(t,X)  as  X •*  00  is  not  completely  clear.  See  [14,  9] 
for  further  discussion. 

Another  useful  example,  where  (1.5)  can  be  solved  explicitly,  is  d + a(t)  = e ^ . 
Then  110]  (1.5)  reduces  to  an  ordinary  differential  equation,  and 
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(2.6) 


u (t , X)  = e t//Z(cos  i)  t + i p 1 sinpt)  (A  * - ) 

l 4 

u(t,^)  = e t//2  (1  + i t)  , 

1 1/2 

where  p = — ( 4 X - 1)  (A  and  P may  be  real  or  complex).  For  this  example,  we  remark 


(i)  t ■+  U(t)  is  not  continuous  in  the  norm  topology  if  L is  unbounded, 
since  ||u(t)  - U(s)||  > ]u(t,A)  - u(s,A)|  for  A in  the  spectrum  of  L . 


(ii)  / |u(t,A)|dt^l  (A>0).  This  is  proved  in  [10]. 

0 

(iii)  uf'.Ae11^)  4 LP(R  ) if  p 3^  1,  e1^  # 1,  and  A > 0 is  sufficiently 


large . 


Dafermos  [2]  and  Slemrod  [21]  study  equations  similar  to  (1.1)  as  linear 


models  in  viscoelasticity  and  fluid  mechanics  respectively.  These  studies  contain  no 
analogue  of  (1.8). 

Oi  ts  and  methods  are  closer  to  those  of  Friedman  and  Shinbrot  [3],  who 


obtain  V 


(1  < p < <*>)  for  the  resolvent  (fundamental  solution)  S(t)  of 


y (t)  + / h(t-s)  L y (s)  = F(t) 


in  Banach  space.  Formal  differentiation  of  (2.7)  yields  (1.1)  if  h' (t)  = d + aft)  , 
h(0)  =0,  F'  = f . For  their  tP  estimates,  Friedman  and  Shinbrot  require  at  least 
h (0)  > 0,  h'  e LX(R+)  . 


Miller  and  Wheeler  [17]  use  procedures  similar  to  those  of  [3]  to  study  the 


equation 


(2.6)  y*(t)  = -L  y (t)  - / a(t-s)  (L  + 5.1)  y(s)ds  + f(t) 

0 ~ ~ 

in  Hilbert  space.  Here  L is  self-adjoint  and  bounded  below  and  has  a compact  resolvent. 
Miller  and  Wheeler  give  conditions  under  which  the  resolvent  for  (2.8)  may  be  decomposed 
into  an  exponential  polynomial  with  finite-dimensional  projections  as  coefficients  and  a 
remainder  ("residual  resolvent")  R(t)  with  |)r ( t )||  e LP(R+)  . 
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The  proofs  of  these  results  in  [3]  and  (17)  use  the  operational  calculus  based  on 
contour  integrals  and  estimates  such  as 

CO 

(2.9)  / | r (t,  X)  |P  dt  < C | X | _<5 

0 

(|argAj  (tt/2)  - e),  where  e,  6 > 0 and  r(t,A)  is  the  solution  of  a certain  scalar 
equation  (analogous  to  (1.5))  with  complex  parameter  A . Remarks  (ii)  and  (iii)  follow- 
ing (2.6)  above  show  that  estimates  like  (2.9)  need  not  hold  for  our  function  u(t,A)  . 

For  a broader  treatment  of  existence,  uniqueness,  and  continuous  dependence  for 
equations  like  (1.1)  in  Banach  space,  see  Miller  (16);  further  discussion  of  the  resolvent 
formula  (1.9)  will  also  be  found  in  (16). 

Finally,  we  remark  that  nonlinear  versions  of  (1.1)  are  under  active  study  (1,  15). 
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3. 


Proof  of  Theorem  2.1.  (i)  . 


The  proof  of  Theorem  2 of  |6) , with  alt)  replaced  by 

2 

d + alt)  (and  the  last  equalities  corrected  to  read  2V10)  = u (0)  = 1),  shows  that 
| u (t , X)  | <_  1 (t  f R + , A £ R+),  so  ||ll(t)||  < 1 and  ll(t)L  = L Ult)  on  £ . Since 

||  U (t)  x - U(s)x||2  = / |u(t,X)  - u(s,X)|2  d (E  x,  x)  , 

~ ' ' ~ A 'X  ' ' 


the  continuity  of  ult, A)  in  t and  the  dominated  convergence  theorem  imply  that  Ult) 
is  strongly  continuous. 

The  computations  for  (ii)  are  formally  the  same  as  those  for  Theorem  2 of  [9],  where 
a and  L f are  continuous  on  R + . To  simplify  formulas  we  take  d = 0 since  this 
does  not  change  the  following  argument.  It  is  obvious  that  the  function  ylt)  of  (1.9) 
satisfies  (1.2).  Let  T(t)  be  the  triangle  {O  ^r  <s  <^t}  (t  > 0)  , and  let 
hit)  = / a(s)ds  . Since  L U(r)yQ  = U(r)L  y^  is  continuous  (re  R +)  , a(s-r)L  U(r)yQ 
is  in  L* (T(t) ) and 


(3.1) 


t s 

y°  - J J als-r)  L U(r)yQ  dr  ds 

t 

= y o - / h(t-r)  L U(r)yQ  dr 
t M 

= y - / h (t-r ) 1 lim  / Xu(r,X)dE,y  ]dr 
0 M ->  m Xq 


oo  t 

= y_  - / (X  / h (t-r)  u(r,X)dr)dE,  y . 
-»  >0  0 


The  expression  in  brackets  here  is  just  1 - u(t,A),  as  one  sees  by  integrating  (1.5); 
thus  the  left-hand  side  of  (3.1)  is  equal  to  Ultjy^  and  differentiation  establishes  that. 


(3.2) 


_d_ 

dt 


[u(t)y0l 


t 

= -/  alt-s)  L U(s)y  ds 
0 ~ ' £0 


We  observe  next  that  the  strong  continuity  and  uniform  boundedness  of  U ensure 
that  the  function 

a(t-s)  LU  (s-r)  f (r)  = alt-s)  U(s-r)  L fir) 

is  strongly  measurable  on  Tit)  . In  view  of  our  hypotheses  and  [11,  Theorem  3.5.4),  the 
following  lemma  establishes  this.  (Compare  [16,  Lemma  2.1).) 
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Lemma  3.1. 


If  g:  R+  V belongs  to  B^IO.t),  then  the  function  G(s,r)  = 

U(s-r)  g(r)  is  strongly  measurable  on  T(t)  . 

Proof.  To  simplify  notation,  take  t = 1 . For  each  positive  integer  n,  let 

U . = U(j/n),  E . = ((j-l)/n,  j/n]  (1  < j < n)  . Let  g be  a sequence  of  countably 

~n,g  ~ n,g  — — ~ n 

valued  functions 


?n 


(r)  = l 
k=l 


Xn,k(r) 


?n,k 


(X  , = the  characteristic  function  of  a measurable  set  fl  , ) such  that  g (r)  -*  g(r) 
An,k  n,k  -■’n  - 

(n  -►  °°)  except  on  a set  Z of  measure  zero.  For  (s,r)  eT(1),  let  j(s,r,n)  be  the 

integer  such  that  s-r  e E . , . , and  let 

n.g (s,r,n) 


G (s,r) 
~n 


U 


n, j (s,r,n) 


g (r)  . 
~ n 


Then  G (s,r)  is  measurable  and  countably  valued  since  T(l)  is  the  union  of  the  measur 
- n 

able  sets 

{s-r  cE  } n {r  c ft  , } 
n,m  n,k 


(1  < m < n,  1 <_  k < » ) , 

r|2, 


on  each  of  which  G is  constant.  For  fix'-'d  (s,r)  c T(l), 
~n 


IlG^is.r)  - G(s,r)|| 


< ||u  , [g  (r)  - g (r)  ][| 

— "~n,g  (s,r,n)  -n  ~ ' 


+ lu  . , .-  U (s-r)  ] g (r) 

~n,g(s,r,n) 


As  n -*■  00 , the  first  term  tends  to  zero,  since  ||l)||  <_  1 and  g^lr)  "*  g ( f ) ; by  strong 
continuity,  the  second  term  tends  to  zero  as  well.  Thus  G(s,r)  is  the  limit  almost 
everywhere  of  countably-valued  measurable  functions,  and  the  lemma  is  proved. 


Continuing  the  proof  of  Theorem  2.1,  we  note  that 

t s 

/ / a(t-s)  || U (s-r)  Lf(r)||  dr  ds 
0 0 

t t 

/ a(s)ds  / ||  L f(r)||dr  < <*  , 

0 0 ~ ~ 
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so  a(t-s)  U(s-r)  Lf(r)  f B1 (T { t ) ) . Then,  using  Kubini's  theorem,  a change  of  variable, 
and  the  fact  that  L is  closed,  we  may  compute 

t s 

<3-3)  / a (t-s)  L / U(s-r)  £<r)dr  ds 

0 'O' 

t s 

*=  / / a (t-s)  L U(s-r)  f (r)dr  ds 
0 0 

t t-r 

= / / (a(t-r-s)  L U (s)  f(r)]ds  dr 

0 0 ' ~ 

= -/  [U  (t-r)  f (r)  ] dr  , 

where  the  last  step  uses  (3.2)  and  f(r)  in  place  of  yQ  . It  is  clear  from  these  equal- 
ities that  the  integrand  in  the  last  expression  is  locally  Bochner  integrable  in  (t,r)  ; 
using  Fubini’s  theorem,  we  see  that  this  expression  (and  hence  the  left-hand  side  (3.3)) 
is  equal  to 

d t 

f(t)  - / U (t-r)  f (r)dr  . 

O' 

In  view  of  (3.2)  this  establishes  (1.1). 

For  uniqueness,  we  pass  to  the  weak,  integrated  version  of  (1.1),  (1.2)  and  project 
°n  see  or  for  stalls. 
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4.  Proof  of  Theorem  2,2.  Reduction  to  two  estimates. 

We  assume  without  further  mention  that  d + aft)  has  been  rescaled,  if  necessary, 

so  that  A = 1 . The  functions  a1,  b',  and  c'  are  redefined  where  necessary  so  as  to 

be  continuous  from  the  left  on  1R + . We  let  Aft)  = / a(r)dr  . 

0 

The  proof  relies  on  detailed  information  about  a (see  (2.2)).  See  (4,  20)  for 
earlier  versions  of  these  ideas. 

Lemma  4.1.  Suppose  (1.3)  holds.  Then  and  0 are  continuously  differentiable 


on  R with 


— A A < | a (T)  | < 4A(i)  (T  > 0)  , 

2/2  T 


| a ' (t)  i < 40  p ra(r)dr 


(T  > 0)  , 


— /T  ra(r)dr  < 0 ( T ) _<  12  /T  rafrldr  (T  > 0)  , 

0 0 


-0'  (T>  > T I r a (r ) dr 
0 


(T  > 0)  . 


Our  proof  is  adapted  from  110,  Lemma  2.2).  We  exploit  the  fact  that  da' ft)  is  a positive 
measure  on  R and  adapt  the  convention,  consistent  with  our  choice  of  a’ ft)  = a' ft") 
that  when  0 <_  x <_  y and  f e L^fda'  ft)), 

y 

/ f ft)  da’  ft)  = / f ft)  da'  ft)  . 

* |x,y) 


Convexity  of  aft)  implies  a(j)  - aft)  > a' ft),  and  hence 

! 

2 / a (r)dr  _>  ta(-)  _>  taft)  - -5-  a'  ft)  _>  0 ft  0) 


In  particular  (4.5)  shows  that  ta(t)  + ^~la'  (t)  | = ofl)  ft  -*■  0+)  . We  also  have 
ta' ft)  = o(l)  (t  00 ) , as  a consequence  of  (1.3)  and 

OO 

(4.6)  J rda' (r)  = a(T)  - T a'(T)  < <*>  (T  > 0) 


Two  integrations  by  parts  in  (2.2)  yield  the  formula 


a(i)  = 1 2 / (1  - ixr  - c-iTr)da'(r)  (t  > 0)  , 

0 


where  (4.5)  and  (4.6)  assure  vanishing  of  the  boundary  terms  and  absolute  convergence  of 
the  integral. 

Following  [20),  we  let  J(u)  = iu(l-eIU)  - 2(1  + iu  - e1U) ; then 
(4-8)  | J (u)  | < J u3(0  < u < 1)  , and  | J (u)  | _<  2 (u  + 2)  (u  _>  0)  . 

(4.8),  combined  with  Fubini's  Theorem,  justifies  differentiation  of  (4.7)  and  gives 


(4.9)  a'(T)  = t"  / J (-Tr)da'  (r) 

0 

The  inequalities  (4.1)  and  (4.2)  now  follow  as  in  [20). 
From  (4.7)  we  have 


0(i)  = t”  / rK(rr)  da’  (r) 
0 


(T  > 0)  . 


Note  that 


K(u)  = 1 


K(U)  (Olu  < 1) 


K(u)  _>  1 - maxfsin  1,  ^ 


(T  > 0)  , 


(u  > 0)  . 


(u  > 1)  . 


Therefore , 


I OO 

— 3X)  / da'  + — " 2 ^1  rda'  ( 


T > 0)  . 


10T  - 

T 


The  relations 


/j  rda'  (r)  = a'  (i)  + a(i) 


/ r da'  (r)  = -j  a'  (--) a (-)  + 6 / ra(r)dr  , 

0 T TT  0 


along  with  (4.11),  give  us  the  first  inequality  in  (4.3).  The  second  inequality  follows 


from  the  estimates 
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| K ( u } | £ 2u2  (0  <.  u £ 1)  and  | K (u)  ] _<  2 (u>0)  , 


which,  along  with  (4.12),  yield 

I 1 

,T  3 , ” 1 

0(T)  1 2 / r da'  (r)  + 2t  / rda'  (r)  <12  / ra(r)dr  . 

0 — o 

T 

To  prove  (4.4)  we  differentiate  (4.10),  which  yields 


-T  9 ' (t ) = / H (ir ) da'(r)  , (T  > 0)  , 

0 


H(u)  = 3 (u  - sin  u ) - u(l  - cos  u ) 


(4.14) 


H (0)  = 0 (j  = 0,1, 2, 3, 4) 

H(5)  (0)  = 2 

-4  £ -3sinu  - u cos u = (u)  £ 0 (0  < u < 1) 


(4.16) 


H (u)  > — (3-u)  > -H— 

- 5!  6!  180  1 U'  - 100 


(0  < u < 1)  , 


0 4 6 4 4 

u,  , , . Ai  4u  u n 

H (u)  IT  = 60  (5‘2u)  -h  (o  < U < 1) 


If  we  can  show  that  H"(u)  >0.  <1  £ u £ 4)  , it  will  then  follow  from  (4.15)  and 


(4 . 16)  that 


H(U)  - Tew  + 20  (U_1)  = (5U'4)  (1  < u < 4)  . 


But  H (u)  usinu_>0(0£u£H);  by  (4.14),  we  conclude  that  H"  (u)  > 0(0  < u < u ) 

Then  since  ll(3)(u)<0  (it  < u < ^ ) , H (2)  (u)  > H (2)  (^)  > 0 (ti  < u < 4)  , so  (4.17) 
follows. 

It  is  easy  to  see  that 


(4.18) 


H (u)  £ u-3  (u  > 4)  , 
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and  thus  (4.13),  along  with  (4.15),  (4.17),  and  (4.18),  gives 

I 4 

(4.19)  -T4  0.  (x)  > _I_  J t5,  da'(r)  + /i(STr  - l)da'(r)  + / (xr  - 


and 


(4.20) 


3) da ' (r)  , 


' Z rT  .5 

100 


1_ 
5 T 


!0  ’ “'M  • 155  *'  <T>  - lo  *‘t’  *Tf0r>  »lr)d' 

4 

loo  Ji  (5Tr  - 4)  da' (r>  = -h  a' <7>  - I5o  a'  <7: 


T 4 T 1 
> - ~20  a<T>  + 20  a(T) 


/ (Tr  - 3)  da1  (r)  = -a1  A + Ta(-> 


Combining  (4.19)  and  (4.20)  we  obtain  (4.4).  This  completes  t)ie  proof  of  Lemma  4.1. 
Using  (4.3)  and  (4.4)  we  sec  that  the  equation 


(4.21) 


0 (u>)  + 


JL  _ i 

.2  X 


defines  a strictly  increasing,  continuously  differentiable  function  10  = U)(X)  on  a sub- 
interval (X^,00)  of  R with  a'(  X)  •*■  “>  as  X ■*  °°  . This  provides  the  missing  step 
in  the  proof  of  Theorem  2 . 2 ( i i i ) outlined  just  above  the  statement  of  the  theorem. 


Fix  t.  > 0 such  that  a(ti)  > 0 and  let  p=  6t^X  . Set  u) ( X ) = max{p,u>(X)}  if 
U)(X)  is  defined,  iu(X)  = p otherwise. 

(4.3)  and  (4.21)  yield 


(4.22) 

and 

(4.23) 


T 9 (u>)  i / ra(r)dr  , 


1 

,w  1 1 a(tl) 

/ ra(r)dr  > — - a (— ) > — . 

' — „ 2 (0—  2 

0 2u  2(0 


In  particular,  (4.22)  and  (4.23)  show  that 
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1 


<4.24) 


to  (A)  > 


a (t, ) 


- 10 


In  [10]  it  was  also  shown  that  when  a(0+)  < m,  to  (A)  is  bounded  above  by  some 
constant  times  A . Such  an  estimate  is  not  available  to  us  when  a(0+)  = <*>,  and  this 
causes  the  principal  new  difficulties  in  the  proof  of  Theorem  2.2. 

When  a(t)  = t (0  < (3  < 1 , t > o)  , direct  computations  show  that  to(A)  = KA^  ^ 

CO 

(K  = K ( 6 ) >0)  . Now  the  inequality  / |u  ( t , A)  | dt  _>  | u (to ( A) ) | 9 (to( A) ) / £(to ( A) ) can  be 

0 

used  to  derive  the  estimate  (2.5). 


From  (4.3),  (4.21),  and  (4.23)  we  obtain 

1 
to 


(4.25) 


whenever 


J £12  / ra  (r)  dr  + (12  + — -)  / ra(r)dr 

0 to  atl  0 


A > Aq  = maxf  (0  ( p)  + -^  )_1,  l)  . 

P 


On  the  other  hand  when  1 _<  A <_  A^  , to(A)  = p and  we  have 


(4.26) 


! -1-  V12  * mFT>  ^ ra(r)dr  • 
1 0 


Then,  combining  (4.22),  (4.25)  and  (4.26)  we  find  that 


(4.27) 


If  1 

-/  ra(r)dr<y£C  / ra(r 


) dr 


(A  > 1)  , 


2d 


where  C = [12  ♦ ^]A0  . 


Define 


(4.28) 


D(x)  S d(t,®>)  = a (T)  - idT-1 


D (1  , A ) = D(l)  + iiA'1  = *(T)  + iT(A'X  — G ( T ) - dT-2) 

d < A < ®,  t > 0)  . 

If  <2.3i)  holds  then  |d't,A)|  >^(t)  > 0 <T  > 0,  1 < A <_  ®)  and  [4]  gives  the  representa- 
tion 


-1 
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1 «“  ITt 

(4.29)  Hu(t,X)  = - / Re  { S.  dt  (0  < t < <“  , 0 < X < •=)  . 

A q LJ  l T j A ) 

(The  integral  is  improper  at  T = “ : by  (1.3)  and  (4.1)  ID(X,X)]_1  is  continuous  at 
1=0  and  for  every  T > 0 .)  Moreover  the  result  of  Shea  and  Wainger  [20]  shows  that 

CO 

(4.30)  / |u(t,X)  |dt  < 00  (X  > 0)  , 

0 

and  in  [6]  it  was  shown  that  (1.3)  implies 


(4.31) 


sup  |utt,X)  |=1. 
1<X<“> 


For  the  remainder  of  the  proof,  unless  noted  otherwise,  we  assume  that  (1.3),  (2.1), 
and  (2.3)  hold.  Return  to  (4.29)  and  integrate  by  parts.  There  results  the  formula 


(4.32) 


,(t'X)  = Re  {IIx  / 


lit  x 


D ( X , X ) 


dt)  (t  > 0,  X > 0)  . 


0 [D(T,X))‘ 


Relations  (4.1)  and  (4.2)  show  that  the  boundary  terms  vanish  and  that  the  integral 
converges  absolutely  when  d ? 0 . Absolute  convergence  of  the  integral  when  d = 0 is 

assured  by  an  estimate  of  Shea  and  Wainger  (20,  pp.  322-323],  namely 

JL 

T 

p / ra (r)dr 

(4.33)  / dl  < ot,  . 

0 T 2 

(/  a(r)dr) 

0 

Note  that 


1 1 -ill"1 

D(T,X)  " D (T  ) D(T,X)D(T) 


Then 


(4.34) 


D <T,X)  D <T,X)  . ,-l  , 

T _ x . , itX  2 

~ r-\  / -T-  X \ ’ 


(D(X,X))2  [D  (X) ) 2 


D(X,X  ) 


ID’  (x)  4 iX-1]  _ 2ixX-1  _ T Dt(T»X)  2 1 

(D  (x) ) 2 D(T)  X2  (D(x)  )2D(X  ,X)  D(T)  D(T,X) 


] . 
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Define 


f “i"1  ' t I 


^iTt  D’ (T) 
0 |D(T)]‘ 


, P iTt 

u2<t,  =1/  * 


0 ID  ( T)  ] 


11  - TTTT"1’ 


(4.35)  ( 


1 f iTt  2T 

e — dT 


U3(t)  = t I ~ 3 

0 |D(T)1 


■i  P iT„  T D,  (T,X)  p , 
u (t,X)  = / e “ ^ Ir 4^r  + 


4 X3t  J0  * (D(T))3  D(T.X)  LD<T)  ’ °<T 


(t  > 0) 


(t  > 0) 


(t  > 0)  , 


dT  (t  > 0) 


, ” D (T,X) 

^ u5(t'X>  -77  I “ 


J ? 

P lD(T,A  ) J 


di 


(t  > 0)  , 


Referring  to  (4.32)  and  (4.34)  we  see  that 


(4.36)  u(t,A)  = lm{A  *u.  (t)  + i\  ^u_(t)  + A ^u.  (t)  + u (t,A)  + u_(t,A)} 

1 2 3 4 5 

In  section  6 we  will  show  that  if  (1.3),  (2.1)  and  (2.3)  hold  then 

(4.37)  |u  (t,X)  | < Mq(t)  (t  > 0,  1 <X  <®,  j = 4,  5)  , 

j ~ 

where,  now  and  henceforth,  M (or  fO  denotes  a positive  constant  independent  of 
value  may  change  from  line  to  line,  and 

g(t)  = t 2 / b(r)dr  + t 2 + t 1 b(t)  - b1  (t)  , (t  > 0)  . 

0 


The  assumption  (2 . li ) combined  with  an  integration  by  parts  shows  that 

T t T 1 T 

/ t-2  / b(r)dr  dt  = -T-1  / b(t)dt  + / b(t)dt  + / 

1 - " ' t 


b(t) 


dt 


from  which  it  follows  easily  that  q(t)  t L (1,®)  . 

In  view  of  (4.30),  (4.36),  and  (4.37)  we  find  that  u..  (t)  c L1(l,n>)  (j  = 


whose 


1,2,3)  . 


and  this,  along  with  (4.31),  implies  that 
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/q  SUP1<C  x < co  |utt:.X)  |dt  < ® . 

This  is  the  assertion  of  Theorem  2.2(ii). 

Similar  estimates  which  hold  when  (1.3)  and  (2.3)  hold,  but  without  the  assumptions 
of  (2.1),  can  then  be  used  to  show  that 

(4.38)  I u ^ ( t ) | + | u 2 ( t ) | + | u3  (t)  | + |u4(t,X)  | + |u5(t,X)  | < " (1  < X < ®,  0 < t)  , 

from  which  Theorem  2.2(i)  follows.  (Theorem  2.2 (iii)  has  already  been  proved  above.) 
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5 . Two  more  lemmas  - some  important  estimates 

We  would  like  to  integrate  by  parts  in  the  formulas  for  u4  and  u^  in  order  to 
bring  out  another  factor  of  t * . Hypothesis  (2.1i)  appears  to  be  too  weak  to  permit 
this,  so  we  separate  b'  into  a "small"  part  and  a differentiable  part. 

We  again  let  J (u)  = iu(l  - e1U)  - 2(1  - iu  - e1U)  and  define 


B°(t,T)  = T / J (-Tr)db' (r) 
0 


(0  < t < °°,  0 < T < °°)  , 


(5.1) 


8 (t,T)  = T / J(-Tr)  db'  (r)  (0  < t < °°,  0 < t < “>)  . 

t 


Observe  that  b(T)  and  b'(T)  are  given  by  expressions  analogous  to  (4.7)  and  (4.9) 
respectively  so  that,  in  particular 


(5.2)  b'  (T)  = 8 (t , T ) + 8 (t,T) 


(0  < t < <*>,  0 < T < “>) 


toga  5.1.  If  (1.3)  and  (2.1)  hold  then  c(t)  is  twice  continuously  differentiable, 
exists  and  is  continuous  (t  > o,t  > 0),  and 


(5.3) 


|c"  (t)|  < 6000  j x c (r ) dr  (T  > 0)  , 
0 


(5.4) 


(5.5) 


-2  , 


|8  (t , T ) I < 401  (b(t)  - tb'(t))  (T  > 0,  t>  0)  , 

(T  > 0,  t > 0)  , 


( t , T ) | <_  500t  j b(r)dr 


3x 


(5.6) 


(i)  | 8° ( t , T)  | <_  40  /T  rb(r)dr 

0 

1 

(ii)  | c * (t ) | 40  rc(r)dr 

0 


(T  > 0,  t > 0)  , 


(T  > 0) 


Proof.  Three  integrations  by  parts  show  that 

,2 


(5.7) 


c (t ) = -it  / (1  - ilr 


- e )dc" (r)  , 


where  we  use 


and 


rc(r)  + r |c'(r)|  + r c"  (r-)  -*■  0 
c(r)  + r |c' (r)  | + t?'  c"(r-)  ■*  0 


tr  ■*  0+) 

(r  -*•  ro)  , 
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which  are  consequences  of  (2.1)  and  which  assure  that  the  various  boundary  terms  vanish. 
Note  that  dc"(r)  is  a negative  measure;  three  differentiations  of  (5.7)  yield 


="  (T)  = iT  / K(-lr)dc"  (r) 
0 


(T  > 0)  , 


,2 

K(u)  = -12(1  + iu  + - e1U)  + 6iu  ( 1 + iu  - e1U)  + u2(l-e1U)  . 

The  remainder  of  the  proof  of  (5.3)  now  follows  as  in  (10,  Lemma  6 . 1 ( ii ) ] . 

To  obtain  (5.4)  we  first  consider  the  case  where  Tt  >1  . (4.8)  and  (5.1)  give 


|B"(t.T)|  _<  2t ”3/  (Tr+2)db’(r)  _<  2x~2(b(t)  - 3tb'  (t)) 


< 40T  (b(t)  - tb1 (t) ) . 


On  the  other  hand  if  Tt  < 1 then  (4.8)  yields 


I B°° ( t , T ) I < 6 /T  r3db'  (r)  + 2t  / (Tr  + 2)db'  (r) 
t 1 


= 6[T_3b'(i)  - t3b’(t)  - 3T~2b(i)  + 3t2b(t)  +6  / rb  (r)  dr] 
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+ 2t  b(-)  - 6 T b'(^) 


3 2 1 

< -6t  b’ (t)  + 18t  b(t)  + 36b(t)  / rdr 


< 40T  (b(t)  - tb'  (t) ) , 


thus  giving  us  (5.4)  in  both  cases. 


Differentiation  of  (5.1)  yields 


36°  -4  1 

-£-(t,  T)=T  / K(-xr)db'  (r)  (T  > 0,  t > 0)  , 


where  K(u)  = 6(1  + iu  - e U)  - 4iu(l  - e1U)  + u2e1U,  and  we  have 


|K(u)  | < u4  (0  < u < 1)  , and  |k(u)  | < 20(1  + u2)  (u  > 0) 


If  Tt  > 1 , 


1_ 

ao°  T . -4  t 2 2 

|-j^-  (t,T)|  £ 40 / r db'  (r)  + 20x  (T  r + l)db'(r) 

° T 

1 

= 40[t"4  b’(^)  - 4x"3  b(^)  + 12  / r2  b(r)dr] 


+ 20T_2[t2  b’ (t)  - X~‘i  t>'  (i)  - 2 tb  ( t ) + 2T~1  b(i)  + 2 / b(r)dr] 

T 


-2  v . ,lv 


+ 20T_4Ib' (t)  - b' (i)] 


1 

_2  t T 

< 40t  / b(r)dr  + 480  / r b(r)dr 

- 0 

T 


£ 500t~ 2 / b (r )dr 

0 


If  Tt  < 1 then 


t A t _ r 

|-g^-  (t,T)  | £ / r db'  (r)  £12  / r b(r)dr  <_  — J b (r)dr  , 

0 0 TO 

so  we  have  established  (5.5)  in  both  cases.  (5.6)  is  obtained  in  the  same  way  as  (4.2). 
This  completes  the  proof  of  Lemma  5.1. 

In  order  to  obtain  estimates  on  the  size  of  u,.  we  will  need  lower  bounds  on 
D(t,A  ) . 

We  use  ui-u (A)  as  defined  in  Section  4. 

Lemma  5.2.  If  (1.3)  holds,  then 

1 

(5.8)  | D (T , A ) | £ Mt  / ra(r)dr  {-j  _<  T £ ^)  , 

0 2 2 

(5.9)  |d(T,A)|  > M <T>|)  . 

Proof.  The  estimates  (4.3),  (4.4),  and  (4.27)  will  be  exploited  throughout  with- 
out explicit  mention. 
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L 


For  < T < u>  = p , 


Re  D(T 


,X ) = f (T)  > M > M r /T  ra(r)dr  > M 

1 . — 2 A 


which  establishes  (5.0)  and  (5.9)  in  this  trivial  case. 
In  all  other  cases  we  start  with 


(5.10) 


-0’  (T)  j>  jr  / r3  a (r ) dr  >.  — a (^)  , 


80t 


and  use  both  parts  of  this  estimate  to  obtain 


(5.11) 


| Im  D (T  ,X  ) | = t|^-—  - e (T ) I _>  t|^ 0(T)  1 

T 0) 


> T I 6 (to)  - 0(T)  | = x I / 6'  (s)  ds  | 


-lo  s JS  r a (r)  drds  | + |/s  3a(3)ds| 


U 0 

1_ 

T 


0 


> Y5  If  1-3  a<r>/  sds  drl  + TftK  1/  s 3 a(“)ds 


160 


1.  1 

T | T-U)|  (T+Ul)  ,T  3 T | , | 

- 1 r a(r)dr  + TT^I  J r a(r)dr| 

0 1 


20 


In  the  last  step  of  this  computation  we  used  Fubini's  Theorem  on  the  first  integral 

. • . . , X. 


(5.12) 


20 


second. 

Then 

* J_ 

i~ 

a(r)dr  > 

t2|t-io| 

4t 
! . 

2t 

t 

20 

1 + 

A 

L_  U 

4t 

r a(r)dr 


. |t-w|  -2 . . 1 . , 1 , . 

> i <a<-nr)  + a(— > > • 


- 6000 


4t 


2t 


1 2 

Define  f(t)  = ta(t)  - — t a'(t)  (t  > 0)  . Observe  that  f(t)  is  nonnegative^ 

left  continuous  (by  our  convention  a' (t)  = a'(t~)),  and  satisfies 
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(5.13) 


(t  > 0)  . 


ta (t)  £ f(t)  < / a (r)dr 
0 


Here  the  first  inequality  is  immediate  from  the  definition  and  the  second  is  obtained  by 
integrating  by  parts  twice  in  the  inequality  f /'  r2  da' (r,  > 0 . From  (4.5)  we  also 


(5.14) 


f (t)  <_  ta  (~)  (t  > 0)  , 


so  that  f (0+)  = 0 and  f is  bounded  on  [0,i]  for  every  T > 0 . Let  S(T)  = 

suP0<x<i  {f(x)}'  and  for  aach  t > 0 choose  <5  = 6(t)  e (0,1)  so  that  f(|)  > I)S(T, 
The  proof  now  splits  into  three  cases. 

Case  1.  If  1 _>  6<T)  | then  (E.14)  and  (5.13)  imply 


(5.15) 


l^iL  „-L,>  .Iasi  f(i) 

5000'1  6000  T U 2TJ  ~ 6000T  T 


> sm  > |l-ia|  ,1  , 

- 120001  M 1 - 12000  t SUP  i ix  a(x)}  ) 


0 < x < — 


— 12000  ' 1 a(r,dr  • 


If  2 ~T-J  then  I<4-t|  > JU>  T so  (5.11),  (5.12), 


^nd  (5.15)  combine  to 


give  (5.8). 


On  the  other  hand,  if  T>i,  then  (5.11),  (5.12),  (5.15)  and  (4.27)  yield 

1 1 

,Im  D(T'x,l  ± jisi/T  «<*>*  + jk  if i 


- te™  / ra(r)dr  > M . 


which  is  (5.9). 


Case  2.  If  o < 6 (t)  < 2 and  f (T>  > * f f7>  then,  again  using  (5.14),  we  obtaii 
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(5.16) 


±L 


6000T 


a (— ) 
”*  12t' 


> U^L 

- 6000T 


f(T> 


-h-“ 


- 12000T  f<T> 


|t-Q)1 

24000 


S(T)  > 


llr^ 


24000 


4 


sup 

0<x<- 


{xa (x) } ) 


24000 


1_ 

/T  ra(r)dr 
0 


Combining  (5.11),  (5.12),  and  (5.16)  we  complete  the  computations  as  in  Case  1 for  both 
(5.8)  and  (5.9). 

Case  3.  If  0 < 5(t)  < ^ and  f (— ) < f (— ) then  we  use  (4.7)  along  with  the  estimate 

2 ^ T 2 T 

x 

1-cosx  > — (0  < x < 1),  and  then  apply  (5.13)  to  obtain 

— 4 

CO 

(5.17)  2 Re  D (T ,A ) = 2^(x)  = 21  2 / (1  - cosTr)  da'  (r) 

0 

1 1 

^ J fr  r2  da' (r)  = /T  a(r)dr  - f A 
0 0 

1_  1 

= r fT  ra (r) dr  + /T  (1  - tr)  a(r)dr  - f (^) 

0 0 

1 6 

>_  T /T  ra(r)dr  + (1  - 6 ) /T  a(r)dr  - f (— ) 

'o  0 T 

1 

2,  T /T  ra(r)dr  t | f(-)  - f (-) 

0 T 

1 w 

^ T /T  ra (r)dr  . 

0 

This  is  (5.8) . 

When  T (5.11),  (5.17),  and  (4.27)  combine  to  yield 


(5.18)  /2  | D (T  ,X  ) | _>  Re  D(T,\)  + | Im  D(T,A)| 

I 1 1 

1~2  f ra  (r)dr  + |/  ra(r)dr|  /U  ra(r)dr 

0 1 0 

T 

> M !t-m|  , 

This  completes  the  proof  of  Lemma  5.2. 
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which  is  (5.9) . 


6.  Proof  of  estimate (4,37)  . Define  A(t,T)  = B°(t,T)  + c'(t)  + — j 

T 

and  let 


P 2, 


..  , , 1 rM  iTt  T (A  (t , T)  + i\  ) , 2 1 , 

P . , (t,A  ) = — — I e ; (rrr-r  + — . . J d T 

41  X3t  0 [D(t)J  D(t.A)  D(T)  D(T,>) 


, , 1 r P iTt  T2$"(t,T)  ,2  1 

U42(t,X)  ~ i e — 3 [^TTT  + ~~ ' \ ) dT 


X3t  0 (D(1)  ] 3 D(T,X)  D(T)  DlT,X) 


iTt  (A  (t  ,t)  +iA  ) 

P [D(T,X))2 


M51<t'X>  "U  / e~"  ~ - ' dT 


u52(t.x,  =x~  / 


eiTt  dT 

P lD(t,A>]2 


(I  > 0,  t > 0)  , 


(t  > 0)  , 


(t  > 0)  , 


(t  > 0)  , 


(t  > 0)  . 


Thus  u^(t,X)=Uj1(t,X)+Pj2^t'X'  (t>0,  1£X<“>,  j = 4,5).  We  now 


. -1 


integrate  by  parts  on  p^  and  p^  in  order  to  bring  out  another  factor  of  t 


This  gives  us 


16. 1) 


■iiV,„wi  ■ - £ iV— 

D'  ( p)  D(p 


, P)  + iX"3)  f _2__  1 "I 

p.xj  LDlp)  D(P'A,J 


* /°  .1Tt  [- 

n 


f~2T(A(t,T)  ^ iX-1)  +T2A^(t,T) 

(2  1 \ 

d3(i)  d(t,A) 

kD(T)  ’ D(T,X  ) J 

T2(A(t,T)  4-  iX'1)  { 8D1 

d3(t)  d(t,X)  V D2 


f 8D1  (T) 

5D 1 (T)  + 2i  X_1 

2D^  (T  ,X  ) « “ 

' d2(t) 

d(t)  d(t,X)  * 

d2(t,X)  )_ 

dT 


and 


(6.2) 


-iXt2  p (t,A)  - 

d2(p,X) 


» ,rA(t,T)  2(A(t,T)  + iX_1)D  (t,X  ) "I 

J e ^2 3 1 > • 

p Ld  (t,X)  D (t,X) 


In  (6.1)  the  estimates  of  Lemmas  4.1  and  5.1  assure  absolute  convergence  of  the 
integral  and  vanishing  boundary  terms  at  T = 0 . In  (6.2)  absolute  convergence  and  van- 
ishing boundary  terms  at  T - is  a consequence  of  Lemmas  5.1  and  5.2  along  with  (2.3). 
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Inequalities  (4.1)  and  ( 2 . 3 i ) imply  that 


inf  inf  |d(t,A)|  = y > 0 . 

0<T<p  1<  A < “ 


From  (4.2)  and  Lemma  5.1  we  find  the  estimates 


(6.3) 


max{  T | D (X,A)|,  t | A ( t , T > + iA  1|}  < 40t  /T  ra(r)dr  4 dT  1 + tA  , (t,i 

^ r\ 


I T | A (t,T)|  £ 500  / b(r)dr  + 

V.  T 0 


6000t2  /T  r2  c(r)dr  + 2dT  1 (t,T  > 0) 
0 


-1 


and  from  (4.28)  and  (4.3)  we  have  |d(t)|  _>  | Im  D (T ) | 5^  dT  3 . When  d = 0 we 
lower  bound  on  | D (T ) | from  (4.1).  Thus,  referring  to  (6.1),  we  obtain 


T fJ  ra  (r)dr  4 t + dT  1 + f b(r)dr  + T2  / 


2 rT 


|A3t2  U (t,A  ) | < M + M / 


max{dT  >!  a(r)dr}  • *y 
0 

T /T  ra(r)dr  + T + dT  1 

0 

1 

max{dT  /T  a(r)dr} 

0 


(6.4) 


< M (/  b (r) dr  41);  in  other  words 
0 


|u  41  (t,A  ) | < M q (t)  . 


From  (5.4)  it  is  clear  that 


l>3«»42lt.»l  JC-'b'tl  V'  a,  <=f  «,«.) 


r y 

Taken  together  with  (6.4),  this  shows  that 


(6.5)  lu4  (t'A  > ! 1 «q<t) 


> 0) 


have  a 


2c (r ) dr 


which  is  the  case  j = 4 of  (4.37). 


-26- 


In  order  to  obtain  a similar  estimate  on  uc(t,X)  we  partition  the  interval  [- <») 

j \ 2*  ’ 


into  four  sets 


Ij.”)  = 1^.  j)  U Ij  ,u  - j)  u lu)  - J,  0)  + ~)  U [u>  + J,°°) 


“ E,  U E u E u E . 

1 2 3 4 

We  use  the  estimates  of  Lemma  5.2  on  E,  u E u E and  (2.3)  on  E for  lower 

12  4 3 

bounds  on  |d(T,X)|  . Lemmas  4.1  and  5.1  will  again  give  upper  bounds  on  the  numerators. 
We  know  from  (6.3)  that 


|A  (t,x)|  < M(x  / b (r ) dr  + /T  r2  c(r)dr  + dx-3) 
0 0 


< M^t2  q(t)x"2 


CT  > f > , 


<6- 7)  max{  | A (t,x)  + iX  1 1,  | (x,X  ) | } <_  M /Tra  (r) dr  (x  _>  j ) . 

0 

2 1 

Using  the  estimate  ra(r)dr  < |u'2  a (of1)  < 3 f ra(r)dr,  along  with  (4.27)  and  (6.7), 
- 0 

we  obtain 


{ |A(t,x)  + iX_1|,  |d  (T,X)|}  _<  M ra(r)dr  20MX  (X  _>  ^ ) . 

0 2 


Returning  to  (6.2),  we  observe  that 


i 2 . * |A  (t,T)  | 2|A(t,x)  +■  iX_1|  |d  (T,X ) | 

U U Ct.X»  | < Mt/{ 2 + T----  )dx  . 


p X |d(x,X  ) I 


X |d(x,X  ) I' 


From  (6.6),  (6.7),  (5.8),  and  (4.27)  it  follows  that 


(6.10) 


From  ( 

(6.11) 


Then  ( 

(6.12) 

Now  (6 

(6.13) 


r |at Ct.T) I 2|A(t,v)  +iX_1  ||dt(T,X)M 
ElLX  lD(T'X)  |2  X I D (T  ,X  ) I 3 J 


< Mt  q(t) 


J . /* 


d T 


dl 


<o 

2 


J, 


X/^ratrldr  2 x4  /T  ra(r)dr  X /«ra(r)dr  2 
L.  o 0 0 


< Mj^qft)  J + ■— ]dT  < M2t2q(t)  . 


2 T T 


■>.(,),  (6.8),  (5.9),  (4.24),  and  (4.27)  we  find  that 

2 1 A (t , T)  + iX  _1 1 • | D (T,X  ) | 


J 


| At  <t,T) 


e2  u e4\  X I d (t ,X ) I ' 


X |d(t,X)  I" 


Mt  q (t) 


u>-£ 

/ 2+  / 

J CO  J 

~2  2 


1 + -^dx 


“ 'u+£  (t-0))2  (X-ID)3 


< M t q (t)  . 


6.6),  (6.8),  (4.3),  (4.27)  and  (2.3)  yield 


J J | At  (t,T)  | 2 1 A ( t , X ) + iX ~ 1 1 - | Dt  (X ,X ) | 

E3\  X I D(x , X)|  2 X I D (x  ,X  ) |3 


>dx 


:]{“ 


<Mt2q(t)  ril*s*mn  + eJiwi>dT 


w-^l  *2(X)  V>3(X) 


< Mjt  q (t)  . 


.9)  through  (6.12)  imply  that 


|u5l<t,X)  | < M q(t) 


It  remains  to  establish  an  estimate  on 
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This  completes  the  case  j = 5 of  (4.37). 

In  order  to  prove  (4.38)  one  need  only  apply  the  estimates  of  Lemmas  4.1  and  5.2 
along  with  (4.27)  and  (4.33)  to  the  functions  as  defined  in  (4.35)  in  the  same  manner  as 
we  have  done  in  this  section,  noting  that  in  this  case  the  decomposition  a(t)  = b(t)  + c(t) 
from  (2.1)  is  never  used. 


*<T)  > — ^-z  >0  (0  < T < p) 

1+p 


Here  we  have  used  (4.3).  This  establishes  (2.3)  when  (i)  holds. 

Assume  now  that  hypothesis  (ii)  holds.  If  a (0+)  < °°  then  [18,  Corollaries  2.1  and 
2.2)  imply  that  c is  strongly  positive,  and  hypothesis  (ii)  assures  that,  for  sufficiently 
small  Xg  > 0,  there  exists  8^0  such  that 

x 

/ a (t)dt 

— - <8  (0  < x < x ) , 

x — — 0 

/ c ( t)  dt 

0 

and  that  there  exists  V > 0 such  that 

_2 

Re  C(T)  > VT  (T  > p)  . 


Therefore 


*<T>  > Re  c(T)  > vx"2>  lT  c(t)dt  > f a(t)dt 


> 0 (T  } ) • 


- 48c (0) 

Here  we  have  used  (4.1).  The  condition  (2 . 3i ) is  satisfied,  because  a is  strongly 
positive.  This  establishes  (2.3)  when  (ii)  holds  and  a(0+)  < 00  . 

Assume  now  that  (ii)  holds  and  a(0+)  = “ . Then  c(0+)  = and  we  define 
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2<t_tl)  c"(t-)  + ( t-t^)  C * (t^)  + 0(^1  (0  < t < t ) 


cx(t)  = \ 


c(t) 


(t  > txJ 


and  c2(t)  = c (t)  - cx(t),  (t  > 0) 

Then  and  c2  both  satisfy  (H) , -c' (t) 


1,_  +. 


2(t)  is  convex  c e L (JR  ),  c,  (0+)  < 


and  hence  c^(0+)  = <»  . 


By  a result  of  O.  J.  Staffans  [23,  Theorem  2<iii)] 


a = inf 


T>0 


V|£2 J 


Furthermore  c^O+1  < » and  hypothesis  (ii)  imply  that  for 


some  xQ  > 0,  8 > 0, 


Thus 


/ a (t)dt 
0 

X 

/ C (t)dt 
0 * 


< 0 < 


(0  < x _<  xQ)  . 


¥>(T)  > Re  c (T)  > a|c  (T) 


1 2 - ? (/*  e2(t)dt) 


> ( /T  a(t)dt)  > -2-  tlhL  JT 

ee2  v o 1 - 8 e2  T 0 


a(t)dt 


oa(t  ) . 

v 1 |a(T)  I 

- “^2  ^ i M 0 (T)  > 0 (T  > max{p,x‘1})  . 

Again  (2.3i)  is  trivial,  and  we  have  established  (2.3)  when  a(0+)  = » . This  completes 
the  proof  of  Corollary  2.1. 

We  conclude  with  an  example  where  (2.31)  holds  and  the  kernel  is  even  strongly  pos- 
itive  but  (2.3ii)  is  not  satisfied. 
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Let  b (t)  = (1  - 2 t)  X (t)  (t  _>  0,  k = 0,  1,  2,  3,  ...)  where  X 

[0,2  ] E 

denotes  the  characteristic  function  of  the  set  E . Define 


i(t)  = l b (t)  (t  > 0) 


This  sum  is  finite  for  each  t > 0 and  one  easily  checks  that  aft)  satisfies  (1.3) 
with  a(0+)  = °°  . A direct  computation  shows  that  a r (0,°°)  , and 


*(T)  = l 
k=0 


2k  -2k 
2 (1  - cos 2 Ti 


(T  > 0) 


We  first  show  that  aft)  is  strongly  positive.  Note  that 


1 2 s , ..  1 2 

— u > 1 - cosu  > — u 

2 — — 4 


(0  < u < 1)  , 


and  let  m - [loy^log^T]  for  T _>  2,  where  [ ] denotes  the  greatest  integer  function 

2m  2m+  ^ 

Thus  2 _<  T 2 . (7.1)  and  (7.2)  imply  that 

(7.3,  .(t  12  - 7 «>n- 

k=m+l  ^ 2 4x 

For  0 < T <_  2 we  use  (4.7)  and  (7.2)  to  obtain 

» i 

(7.4)  ifi(T)  = T 2 / (1  - cosTt)  da'  (t)  j>  t/1  t2  da' (t)  > K > 0 , 

0 4 0 

1 

1 (2  2 

where  K = — ] t da' (t)  is  a fixed  positive  constant. 

(7.3)  and  (7.4)  show  that  a(t)  is  strongly  positive,  even  though  da' (t)  is  a 
purely  singular  measure.  (Compare  [18,  Section  4].) 

2n 

We  next  show  that  a(t)  does  not  satisfy  (2.3ii).  Let  Tn  = 2 (2ir)  (n  = 0,1,2, 

3....). 

Then,  referring  to  (7.1),  (7.2)  and  (7.3),  and  using  the  fact  that  Re  6 (T  ) = 0 

k n 

(k  = 0,1,2, ... ,n) , we  find  that 


k k 

, “ 2 2 (2~2  T ) 2 . “>  k n+1  ._  ,2 

3— “--5  I *'2  £ 

k=n+l  x k=n+l  T2 

n n 
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From  (4.3)  we  have 


(7. 


.6)  0 (T  ) > r /T  ta(t)dt  > | " t <1  - T t)dt  = — V . 

" ~ 5 " “ 5 k=X  0 n "'2 


30T 


Comparison  of  (7.5)  and  (7.6)  shows  that 


6 (T  ) 

n_  n 

*(V  - 120,2 


(n 


T 00 ) 


thus  (2.3ii)  fails  to  hold.  We  note  that  da'(t)  being  a purely  singular  measure 


not  the  critical  aspect  of  this  counterexample.  One  could  use  a(t) 
a(t)  is  as  defined  above,  and  observe  the  same  phenomenon. 


a(t)  ♦ e 


-t 


was 

where 
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